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Abstract 

As a generalization of the results |KW3j , we study the functional equation of the 
higher Selberg zeta function for congruence subgroups. To obtain the gamma factor 
of this function, we introduce a higher Dirichlet L-function. Then we determine 
the gamma factor explicitly in terms of the Barnes triple gamma function and the 
higher Dirichlet L-function. 



1 Introduction 

For a discrete subgroup r of SX(2,R), the Ruelle zeta function is denned by (r(s) : = 
rXp(l — ^(-P) 5 ) 1 ) where P runs through the all primitive hyperbolic conjugacy classes 
of r, and N(P) is the norm of P. It is known ( |Ruej ) that Selberg's zeta function Zp(s) 
is expressed as a shifted product of the Ruelle zeta function. In general, for a given zeta 
function z(s), the higher zeta function can be denned by the shifted product Yi z i s + n ) 
(Cf. |KWlj ). In this sense, Zp{s) is the higher zeta function constructed by the Ruelle 
zeta function. 

In |KW2j . the higher Selberg zeta function fl^Li Zr(s + n)^ 1 was introduced for 



establishing a certain identity between the non-trivial zeros of Selberg zeta function and 
of the Riemann zeta function. This function also appears in the study |Goj of the first 
variations of the Selberg zeta function in Teichmuller spaces. Further, analytic properties 
of the higher Selberg zeta function have already examined in |KW3j under the condition 
that the discrete subgroup J 1 is a co-compact and torsion free. It was shown that this 
function also has a meromorphic continuation to the whole complex plane and satisfies a 
certain functional equation. 

The purpose of this present paper is a generalization of the result in |KW3j to the 
non-compact cases. Precisely, we study the higher Selberg zeta function for the following 
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congruence subgroup of SL(2, Z) for each integer N > 1: 




When r = r {N), A(iV), r(N), the gamma factor of the Selberg zeta function ^,j 1 y P (s) 
is composed of three factors Hi(s), H e u(s), and S par (s), which respectively corresponds to 
central terms, elliptic terms, and parabolic terms of the trace formula. We show that 
these factors are expressed by the gamma function, the Barens double gamma function, 
and the Dirichlet L-function (Cf. |Huj . |Vij ) . 



Noted that if I = 1, this Hj 00j h yp (s) agrees with the one studied in jKW3j when J 1 is a 
co-compact. In order to determine a proper gamma factor which describes the functional 
equation of 5j 00j h yp (s), we introduce a higher Dirichlet L-function. We explicitly determine 
three factors S^^s), E^ei^s), H^p^s). We also describe the functional equation of 
the higher Dirichlet L-function. 

2 Preliminaries 

To investigate the higher Selberg zeta function, we briefly review the trace formula and 
the Selberg zeta function for congruence subgroups. 

2.1 Selberg's Trace Formula 

We first recall the trace formula. Let L = L (iV), i~i(iV), r(N) be the congruence sub- 
group and H = {z = x + iy; x G K, y > 0} be the upper half plane. The group L acts 
discontinuously on H by linear fractional transformations. Let A := — y 2 ^r) be the 



Laplacian on H, which has a unique extension as a self adjoint operator acting on the space 
L 2 (L \ H). We put the eigenvalues of A on L 2 (L \ H) by = A < \ x < A 2 < A 3 < • • • , 



When r = r (N) , Ti(N) , r (N) , the trace formula contains the elliptic terms and 
the parabolic terms. To write down the parabolic terms, we need the description of the 
scattering matrix tp(s). It is known that (Cf. |Selj ) the determinant of the scattering 
matrix for L = SL(2, Z) is given by 



oo 



^oo.hypO) := Y[ "hyp(s + Im) 



m=l 



and r n := ^\ n - 1/4. 



4>(s) = det <p(s) 



TV 



( 1 " s )r(l - s)C(2 - 2s) 

7r- s r(s)c(2s) 
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where £(s) is the Riemann zeta function. For T = r (N), ri(iV), r(N), Huxley ( |Huj ) 
calculated the determinant of the scattering matrix as follows. 

Lemma 2.1.1 (|HuJ). The determinant of the scattering matrix is given by 

,( K - K0 )/2 (T(l-s)y f A\ i-* L(2 - 2a, *) 



(2.1) 



-1) ( 



r(i - sjw^ 1 - 2 " 
r(s) ) vw 



n 



i(2s, X ) 



i/ere k is the number of cusps and k := — tr <£>( 2 )- Dirichlet characters x which appear 
in the product of \2. i|) are expressed as x( n ) — Xi( n ) X2( n ) w mim2 (n), where Xi is the 
primitive Dirichlet character modulo qi (i = 1,2), and u) mim2 is the principal character 
modulo mim 2 . For each congruence subgroup T = r (N), i~i(iV), r(N), x runs through 
all the pairs (xi, X2, Qi, Q2, wii, ITI2) which satisfy the following conditions: 



r {N) 
A(iV) 
r(iv) 



Xi = X2, 9i = 92, mi = 1, gi|m 2 , (m 2 q2)\N, (m 1 ,m 2 ) 
m 1 = 1, gi|m 2 , (m 2 <7 2 )|iV, (mi,m 2 ) = 1, 
(migi)|iV, (m 2 g 2 )|iV, (mi,m 2 ) = 1. 



1. 



A positive constant A is expressed as 

n 



.A 



qiN 



(mi, N/mi) 
l[qiN 

J^J mim 2 giiV 

where (xi, X2, <?i, 92, mi,^) runs oi>er through all the pairs fulfilling above conditions. □ 



onr (iV), 
on A (AO, 

on r(iv), 



By making use of this lemma, we can write down the trace formula for the congruence 
subgroup as follows. 

Theorem 2.1.2 (|HuJ). Suppose that the function h(r) is even, holomorphic, and h(r) = 
0((1 + \r\)~ 2 ~ 5 ) in the strip |Im(r)| < 1/2 + 5 (35 > 0). Then we have 



n=0 



voi(r \ g) 

47T 



/i(r)r tanh(7rr)(ir 
logiV(P) 



EE- 



rg(k log iV(P)) 



+ 



/i(r) 



-c?r + 



^3 
3^ 



h(r)- — — dr 



o(0) log (^) + j(k-ko)MO) 



2^ 



^ *(r){£(l + ir) + £(± + *r)}dr + 2 £ £ ^^(2 logn). 
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Here, vol(r \ H) is the volume of the fundamental domain of r. {P}r runs through all 
the primitive hyperbolic conjugacy classes of T, and N(P) := max{«p, ftp}, where ap 
and ftp are eigenvalues of the matrix P. The function g(u) is the inverse of the Fourier 
transform ofh{r): 

g (u) = — [ h(r)e- lur dr. 

Moreover, vi and is the number of primitive elliptic classes with order 2 and 3 respec- 
tively, and A(n) denotes the von Mangoldt function. □ 



2.2 Selberg Zeta Function 

We next recall several properties of Selberg zeta function. The Selberg zeta function for 
r is defined by the Euler product 

oo 

2 hyP (s) : =n n (^-N(pr s - n ), 

n=0{p} r 

where {P} p runs through all the primitive hyperbolic conjugacy classes of r. This product 
converges absolutely in Re(s) > 1. We note that the logarithmic derivative of S hyp (s) is 
given by 

By taking the test function 

g(u) = _L_ e -('-*>M - - J_ c -(-i)M, Re( s ) > 1, a > 1, 
2s — 1 2a — 1 

we obtain the analytic continuation and the functional equation of Hh yp (s) as follows. 

Theorem 2.2.1 (Cf. [FiJ, |Ko|). The Selberg zeta function S hyp (s) defined for Re(s) > 1 
has a meromorphic continuation to the whole complex plane, and the complete Selberg zeta 
function 5(s) := Hj(s) • H hyp (s) • H eU (s) ■ S par (s) satisfies the functional equation 

Z(s) = ~(l-s). 

Here three factors Hi(s), S eU (s), S par (s) are explicitly given by 

(2.3) S x (s) := exp { ^ — ^ ( S log 2tt + log^-^J }, 

/ 9 K \ - s / 1 \ («-«o)/2 1 -„ 

~ par ( S ) := (A-) (s - -) r( S + - T(s)- J] L(2s, X Y\ 
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and T2(z) is the Barnes- Vigneras double gamma function (Cf. IV^ ) given by 

1 1 1 00 2 

< 2 ' 4 > r^VT)=^{(-M) z2+ (-^-^}n(^f)'-P(- + ^), 

k=l 

which satisfies T2{z + 1) = r(z) -1 • V^z), and ^(1) = 1. Furthermore, the function S(s) 
is an entire function of order 2 wrat/i zeros at s — 1/2 ± ir n (n > 0) on/y. □ 

When r = SL(2, Z) is the modular group, it is known that 

71 

V0l(r\H) = -, V 2 = U 3 = 1, A=l, K = Ko = l, 

and L(s, xo) = Ci s ) is the Riemann zeta function. Thus, poles and zeros of the Selberg 
zeta function Sh yp (s) = H(s) • Si(s) -1 ■ S c n(s) _1 • S par (s)~ 1 for r = SL(2, Z) are explicitly 
given as follows. 

Poles of S hyp (s). 

(1) s = ; order 1, 

(2) s = 1/2- Jfe (jfe > 0) ; order 1. 

Zeros of H hyp (s). 

(1) s = 1 ; order 1, 

(2) s = -6k- j (jfe > , j = 1,2,3,4,6) ; order 2k + 1, 
s = _6Jfe - 5 (Jfe > 0) ; order 2fc + 3, 

(3) s = p/2 ( p : non-trivial zeros of C( s )) > 

(4) s = l/2±ir n {n > 1). 



3 Higher Selberg Zeta Functions 

In this section, we determine the gamma factor of the higher Selberg zeta function and 
describe the functional equation. 



3.1 Euler Product and Analytic Continuation 

We first define the higher Selberg zeta function attached to a positive integer I > 1. Let 
Shy P (s) be the Selberg zeta function. For each I > 1, we define the higher Selberg zeta 
function H; 00ihyp (s) by the product 



(3.1) E loQihyp (s) := J] ~ hyp (s + lm)- 1 = J] J] J] (l - N(P) 

m=l m=l n=0 {P}p 



—s—lm—n\ 1 



This product converges absolutely in Re(s) > 1 — /. Furthermore, the relation 
(3.2) S i00ihyp (s) 



"Zoo,hyp(^> ~\~ I) 

S hyP (s + 1) 
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shows that S; 00! h yp (s) has a meromorphic continuation to the whole complex plane. 
We note that the Euler product of the higher Selberg zeta function is rewritten as 

oo oo oo 

Ewe*) = u e ^ s + ik y i = n n n ( x - ^-^-"-t 1 

k=l k=0n=0 {P} r 

2—1 oo oo 

=nnn n c aw ~ 1 n /? o ■ (n=y+o 

r=0 fc=0 i=0 {P} r 
2 — 1 oo 

= nn n (l-A^r^r™ (1+*+*=™). 

r=0 m=l {P} r 

3.2 Test Function 

To determine the gamma factor of Hzao,hyp( s ); we need an appropriate test function. The 
following test function is essentilally the same one of |KW3j . 

Proposition 3.2.1. If 

7 i P -(s+5-|)M i , , 1x , 
(3.3) g(«)= - -e-^-^M, Re( S )>l-Z, 

2 smh y f 



t/ien t/ie Fourier transform of g(u) is given as h(r) = <p s {r) + (f) s (—r), where 

oo 

Mr) :=J2{ 



1 111 

+ T" 



- v s + lm + I - \ + ir) 2 ls + lm+t-± + ir I s + Im + ? ± - \ + ir 

in=0 v ' 11 2. 2. 
_?y, 1 

4 £^ ( s + lm + l ~l + ir ^ 2 ( s + lm + { - \ + ir)(s + lm + ^ - 5 + ir) ' 
Moreover, this function satisfies the condition of the trace formula. 

Proof. Similar to jKW3] . □ 

Using this test function, we describe the hyperbolic terms of the trace formula as 
follows. 

Proposition 3.2.2. Applying the function in (\3. ffi . we have 
(3.4) 

logiV(P) , n\ \ ^ M Id, „ , L 

fcJ? l N (P)*-N(P)-* 9i hS ( )) = ^ log ^ h - (s) - ldS l ° g ^ S+ 2 } ' 
/or Pe(s) > 1 - / . 

Proof. This equation follows immediately from the relation ()2.2j) and 

d2 M _ logiV(P) HogiV(P) ¥rpr r s+ i-ii 



(s+i-i)fe 

{P}r fc= 

□ 



ds 2 -' ^ ^ jV(P)f - JV(P)"f iV(P)f - iV(P)~^ 
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3.3 Central Factor 

We calculate the central terms of the trace formula by taking the above mentioned test 
function. 

Lemma 3.3.1. If h(r) = 4> s {r) + <p s (— r), we have 

(3.5) ^ / h(r)r tanh(7rr)rfr = log T 3 ( S + j + T ) ~ 2 'r 2 ( g + j + T ) ~ 2r+2 ' 1 

J 00 r=0 

-H'° g nr 2 (^) 2, r(^) 2 "- 2 ' +1 

r=0 

Here F^z) is the Barnes- Vigneras triple gamma function (Cf. IV^ ) given by 

(3.6) r 3(2 + 1) ^xp{( - i - ly + (i - £M + + (1 + c'(-i) + 

oo fc(fc+l) 1 1 1 1 , 

k=l 

which satisfies T 3 (z + 1) = Y 2 {z)~ l ■ T 3 (z), and r 3 (l) = 1. 

Proof. Applying the residue theorem to the lower half plane, we see that 

1 f°° f°° *^ 2n + 1 
- / h(r)rt&nh(7ir)dr = / (f) s (r)r tanh(7rr)<ir = — N ^(2n + i)(f> s ( i) 

2 J -co J-oo n=0 2 

1 1 1 1 1 i 



-££(2n + l){ 

n=0 m=0 
i— 1 oo oo 

r=0 j=0 m=0 

1 



+ T" 



s + lm + / + n) 2 ls + lm + ^ + n ls + lm + ^ + n 



(s + lm + l + lj + r) 2 i s + Zm + | + /j + r Z s + Zm + f + /j + 

i 2 ^' + r ) + x ){ (s + i k + / + r )2 - y s + ZA; + I + " + y s + lk + | + " } 



i— 1 oo 



EE | 2 , (^iy + 2) +(2r _ 2; + 1)(fe + 1) | 

r=0 fc=0 

r i 11 11 

x J I 

l(s + Z/c + Z + r) 2 / s + /fc + ^ + r Zs + Zfc + f + rJ' 
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Here, from the Weierstrass product expression of T(z), T 2 (z) and T 3 (z), we have 
d 2 . „ ,s + I + r, 2 i„ f s + I + r\ 27-24+1 

=i(-3 - 2 7 )s + i( 7 - r + 1) + i(- 7 - 2C(0) - |) 

~ 2 / (fc+1 f +2) + (2r - 2Z + l)(fc + 1) 1 2s + I - 1 1 
+ (s + lk + l + r) 2 + P k + 1 I 

k=0 v 1 



and 



eZ , „ /S + 4 + rv2i„/S + 5+r N 2f-2/+i 



ds io g r 2 (^)-r(^)- 

i(2 + 2 7 ) S + y(2r-7)+7 + 2C'(0) 



yw2Z(/c + l) + 2r-2Z + l 2s + Z - 1 i 
1^1 s + /fc + | + r + Z(A; + 1) i 

It follow that 

i— 1 oo 



EZ (» +(2r . a+1)(H1) } 



2 

r=0 fc=0 

1 



(s + /£; + Z + r) 2 Z s + Ik + ~ + r Is + lk + ^ + r 

_s 1, , 3 1^ ( g + l + r)(s + |-r-l) 
Z 2 Z 21 J 21 I £<( s + lk + L + r)(s + lk + % + r) 

s 1 . .,. 3 l . Z . . 3Z lX v^f 1 1 1 

= ^-^ (r + 1) + 27-^ + 2 +r)(g+ 2 ^-^l ^IHUr^ + ^I + J 



s 1/ - n 3 1. 3/ , . 

=p-p(r+l) + 5 -p(.+ j-r-l) = 0. 



This proves the lemma. □ 
Now we recall the multiplication formula for T(z) and ^(z) (Cf. (Si|)- 

m— 1 

(3.7) r(^) = fc 1 (m)-m z -r[r(^), 

i=o 

m— 1 m— 1 

(3.8) r 2 (z) = • (27r)^- 1 > • ■ ]J ]J r a ( g+ ^ +Ja ), 

ii=oj 2 =o 
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where 

fci(m) := (27r)-^ (m - 1) -m - *, 

k 2 (m) := A 1 "™ 2 • e^™ 2 " 1 ) ■ (27r)-^ m " 1 ) • m"&, 

and A is the Glaisher-Kinkelin constant defined by 

r / iV 2 iV 1 \ jV 2 "i 

fe=i 

Lemma 3.3.2. Fori > 1, we have 

(3. 9 ) n^il^'r^r 2 ^ 1 = fe(0- 2 fe(0 • (ar)^ ■ 1-* . (2jr) Jf )2 . 

Proof. We see that 

niir.(^)=nr,(^rr,(^)-» 

ri=0r2=0 r=0 



i-1 l-l , , Z-l 

n 

r=0 
Z-l 



• 2; + r,i,z + r yr -i + i 



n r 2 (^)'r(±^y 

r=0 



It follows from (jSH|) and that 

nr,(^)«r(^n= n nr,(^^) 2 -nr(^) 

r=0 ri=0r2=0 r=0 



r(*) 

This completes the proof. □ 



From this lemma, we see that 
(3,0) U ^ H t±i±lfv { t±i±l r ^ 



ds A - L I ' I 

r=0 



- Zlog(27r) + (-1 + 2s + I) log / + — log 



d (2vr)^r 2 ( S + |) 2 



ds ~° r(s + |) 

For simplicity, we put 

s(s + Z) , s(s + 0(3- 2s -0 



F,(s) :=exp| - y log (fc 2 (J) 2 feiffl J + 2 lo g( 2?r ) + ~ ^ " lo g* 

+ iog_Qr 3 ( — - — ) r 2 ( — - — ) J. 
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Then it is shown that i*z(s) satisfies 

(3.H) = (fe(0- a * 1 (0)" 1 • (*r) fa • ^ • nr 2 (^) 2 'r(^) M+1 



(2tt)T 2 ( S 



r=0 

,2 



r( s ) ' 

by (|22D, and 

(3.12) ^ logics) =log(27r) + (-2, + 1 - t)^l 

+ ^ lo gii r 3( — ^ — ) M—r-) 

r=0 

Combining (|3.10jl and ([3. 12)1 . we conclude that 

( 3 - 13 ) ^ lo gII r 3(^^) r *(^— ) 

r=0 

-~io g nr 2 (i4±^r(i±i±T— 



r=0 

rf 2 id (27r)^r 2 ( g + |) 2 
logi? < (s) - 7^ log — r^Tl) ' 

Now we have the description following. 

Proposition 3.3.3. If h(r) = <fi s { r ) + <Ps{~ r ), we have 

vdl(r\H) r°, /x w x, d \ - Id, ^ 

(3.14) — y /i(r)r tanh(vrr)dr = —log ^00,1(5) - y— log ^i(s + -). 

i/ere S io0iI (s) zs defined by 

„ , . r voi(r\g) i 

^00,1(3) :=exp| — -log^Ks)). 

which satisfies 



(3.15) 5 ( 8 ) = ^f + Q Re( S )>l-/. 

Proof. The first equation (|3.14|) follows immediately from ()2.3|) and (|3.13p . The second 
one (|3.15|) is clear from (|3.11|) . □ 
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3.4 Elliptic Factor 

When r is the congruence subgroups of SX(2,Z), the contribution of the elliptic and 
parabolic element in r appears in the trace formula. We now determine the elliptic 
factor. To begin with, we calculate the contribution of the elliptic conjugacy classes with 
order 2. 

Lemma 3.4.1. If h(r) = 4> s (r) + 4> s (—r), we have 
where Gi(s) is given by 



G t (s) := { 



exp ^ iog ^n r ^) H)r i:odd > 

r=0 

exp(-log-) • J_J_r 2 ( ) I: even. 

r=0 



Proof. Using the residue theorem, we see that 

-/ h(r) dr= <f> 8 (r) dr = V (-l) n s ( - ^—^i) 

2 J y ' girr _|_ g— T y v y girr _|_ g— tit / ^ 1 2 ' 

00 00 

=EE(- 1 )' 



9 

" x 1 11 11 



n=0 m=0 

I— 1 00 00 



s + lm + l + n) 2 Is + lm + ^+ n I s + Im + f + n 



EEE(-D 

r=0 j'=0 m=0 

x f 1 1 1 1 1 1 ] 

I (s + Im + I + Ij + r) 2 Z s + Im + \ + Zj + r ls + lm+^ + lj + ri 

/ 1 OO /c -1-1 -1-1 

n I (s + Zfc + Z + r) 2 Z s + /A; + i + r /s + ZA; + | + r/' 

r=0 k=0 3=0 x ' I 1 



Now we consider the following two cases. 



Case 1:1 = 1 (mod 2). 
If Z is odd, we observe that 



Ei- 1 )"' = 

j=0 



1 k : even, 
k : odd. 
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Then we have 

/ — 1 oo k 



^ 1)r S^ ( l)l3 {{ s + lk + l + rf I s + lk + t + r + I s + lk+ 3 4 + r. 

r=0 k=Q J=0 2 2 

l—l oo 1 1 1 1 1 

= V(-ir V I - - - + - - \ 

n un \ (s + 2lk + l + r) 2 l s + 2lk + ±+r I s + 2lk + f + r J 

r=0 fc=0 ^ ^ 

Here, from the Weierstrass product expression for r(z), we obtain 
rf 2 w s + / + r, ^ i 



rfs 2 ° v 2/ ' ^ (s + 2lk + l + r) 2 

fc=0 



^iogr( 8 + » + r r 1 r( a+ ' +r )=V( l - l - ) 

ds 6 V 2/ ; v 21 1 f^\s + 2lk + I + r s + 2/A; + f +rJ 

K = ^ ^ 

This yields 

Z— 1 oo ^ ^ ^ ^ 

^^(s + 2/A; + / + r) 2 ~7 s + 2/A; + | + r + 7s + 2/fc + | + r} 

r=0 fe=0 ^ ^ 

-£^{nr(^7^}-^^{nr(^)^r(=±l±r)^}. 

On the other hand, it is seen from ()3.7|) that 

nr(^)- ( - 1 ^(^) ( - 1) '=nr(^)- 1 r(i±i±^) 

r=0 j=0 

=4-Jr(£)-r(i±l). 

Hence we arrive at 

5^{ilr^) w }-^i*{nr(^)^r(l±l±r)^} 

r=0 r=0 
r=0 



Case 2:1 = 2 (mod 2). 
Since we have 



i=o 
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it follows that 

l— 1 oo k 



B-irEE<-i)«{- 



1 

+ T" 



, n n . (s + Zfc + Z + r) 2 l s + lk + t + r'ls + lk + % + 

r=0 fc=0 ]=0 * £ 



-VV irVi + 1 1 + 1 i fc + i ] 

~ n l(s + /fc + Z + r) 2 / s + /A; + | + r Zs + Zfc + f + r/' 

r=U fc=0 ^ ^ 

Here, from the Weierstrass product expression for ^(-z) and r(z) , we obtain 
d\ v f S + l + r ^ I x, y> / fc + 1 1 1 x 

— i og r 2 ( - ) = ^(! + 7) + ^{^|^7^7)2 - /^^TT^ 
A tog r( 8 + * + r ) =-l-T I - -— ) 

k=0 z 

This shows 

^ ( k + l 1 k + 1 1 fc + 1 -1 

^' ' ^ Ifs + Zfc + Z + r) 2 ~~ 7, s + Zfc + i + r + 7,s + /£ + ¥ + r/ 



1^.1 k 1 fc + 1 , 

~ P + ~l s + Ik + t + r + 1 s + Ik + ?± + r> 

1 1 I ^ , 1 1 , 

-p + P {S+ 2 +r) ^s + lk + i + r~s + lk + %+r*~ 



Thus we see that 
1-1 



^, > r y> f fc + 1 1 fc + 1 1 fc+1 I 

n l (s + /fc + / + r) 2 Zs + /fc + ! + r + Zs + Zfc + f + r/ 

r=U fc=0 ^ ^ 

* .og-n r 2 (i±^) - 1 A ,„ g n r(i±i^) -<-')-. 



r=0 r=0 



Furthermore, since we have 



nr(i±I)-«-'^nr(i±^)-'r(i±i±^) 

r=0 j=0 

=(^ l r(|)- 1 r(i±i), by e2>, 
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we conclude that 

^ log nr 2 (i±l±I)--il 1 o g nr(i±i±r ) - 

r=0 r=0 



ds2l o g {exp(| log )n r 2 (^)'-}- ^, g r(i±i)-'r ( : 2 

r=0 

This completes the proof. 

We note that Gi(s) satisfies 

(3.18) _^fL = r(£)- 1 r(i±l). 

Next, we calculate the contribution of elliptic conjugacy classes with order 3. 
Lemma 3.4.2. If h{r) = (f> s (r) + <p s (—r), we have 



3 

where Hi(s) is given as follows. 
For I = 1 (mod 3), we put 

i-i 

, . /2s , A w s + Z + 3r\ /S + 2Z + 3r\ 
^i(s) :=exp(— logZ)._[_[r( )r( ) 

r=0 

1-4 

A TV s + Z + 3r + 2,_i /S + 2Z + 3r + l,_i 
x]I r ( 3I ) r ( 3I ) > 

r=0 

for I = 2 (mod 3); 



1-2 



g|( 8 )==exp(-tog<)-nr( ^ )r( ) 

r=0 

1-5 

Tj r/ s + l + 3r + 2 ,-i ( s + 2l + 3r + 2 ^_i 

r=0 



and /or / = 3 (mod 3); 



1-3 



, ,2s Is yr ,s + l + 3r. ,s + l + 3r + 2,-i 
ffi(s):=exp(-log-)._l_[r 2 ( )r 2 ( ) . 

' r=0 
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Proof. Applying the residue theorem as usual, we calculate as 

— / Zi(r) cir = ^> 2(-l) n cos |-(n+ -)} • 6 S { 1) 



n=0 



i— 1 oo k 



4f£££(- 1 >' ,+ " c -{5fc+'-+i)} 

V <J „_n i,—n A—n 



r=0 fc=0 J=0 

(s + lk + l + r) 2 Is + lk + t + r ' Z s + Z/c + f + r 
Now we consider the following three cases. 



x / I I I + I I \ 

\(s + lk + l + r) 2 I s + lk + l + r ls + lk + ^ + r) 



Case 1:1 = 1 (mod 3). 
If Z = 1 (mod 3), we have 

k , r(-l) r cos{f(r+|)} A; = 0(mod3), 

£(-l) y+r cos {| (Zj + r + -) } = I (-iy cos {f (r - ±) } fc = 1 (mod 3), 
i=° " ' [o k = 2 (mod 3). 

Then we see that 

„ J— 1 oo k 



£££(-i)"' + '»B{^(/ J + r + i)} 

fc=0 j=0 

f 1 1 1 1 1 1 

l(s + //c + / + r) 2 / s + /A; + ^ + r Zs + /A; + | + rJ 



v " r=0 fc=0 j=0 
X 

=4E(-ircos{f(r + l)} 



L 3 V 2 

1 11 11 

s + 3Z/c + Z + r) 2 ~~ 1 s + 3lk + | + r + 7s + 3Z/c + | + r 



r=0 



fc=0 



+^ D-D' oos { | (r -i)} 



r=0 

oo 



x y,r 1 1 1 1 1 i 

X f-J I (s + 3lk + 21 + r) 2 Z s + 3ZA; + f + r + I s + 3lk + # + r J ' 

k=0 



Here we observe that 



(3.20) 7f (_1)r cos i i ( r + ^) } = ^ r = 1 ( mod 3 )' 



1 r = (mod 3), 
r = 1 (mod 3), 
-1 r = 2 (mod 3). 
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In addition, since we have 

d 2 , , s + l + r . _ 1 

ds 2 ° g 1 3/ ' {s + 3lk + l + r) 2, 

ds g { 31 > { 31 > ^Xs + Mk + i + r s + Mk + % + rJ' 

k=0 £ £ 

it follows from ()3.7|) that 
2 



E (_ ircos{ | (r+ l )} 

v r=0 



oo 



1 11 11 

X 



y s + 3lk + l + r) 2 l s + sik + i + r ls + 3lk + ^ + r 

fc=0 ^ 

+^B-ir»s{|(r-i) } 

v r=0 

^ f 1 11 11 
X > { , Nn - T — 57 + T 



X (s + 3lk + 21 + r) 2 Z s + 3lk + f + r I s + 3Z/c + f + 



i-l i-4 

=^ iQ gn r (^^) r ( gz )-n r ( — si — ) r ( — 3i — ) 

=;p log *(.)-— log r(-^) r(— i— ). 

Case 2 : Z = 2 (mod 3). 

If I = 2 (mod 3), we see that 

-l) r cos{§ (r + I)} A; = (mod 3), 
oos{!(y + r+i)} = J (-l)-cos{|(r + |)} fc = l (mod3), 



j=0 



fc = 2 (mod 3). 
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Using ()3.20p . we have 

_ l— 1 oo k 1 
V J r= o fc=0 j=0 ' 

1 1 1 

+ t 



[s + lk + l + r) 2 ls + lk + ^ + r I s + Ik + f + r 
^ f rf 2 , T , / s + 2/ + 3r + 1^ 1 d , ^s + f + 3r + l^_ w s + f 4 3/- \ I 



d^ logr ( — si )-y^ logr ( — 31 — ) r ( — 3i — )) 



^ ids 2 

r=0 

1-5 

3 | d 2 , T , / s + 2/ + 3r + 2, Id, „,s + f + 3r + 2,_ w s + f + 3r + 2, 

r=0 



r^fd', ^/S + 2^ + 3r + 2, id, „,s + f + #r + -Z.- 1 ,s + f + ar + 2.} 



1-2 1-5 
3 , 7 , o n) , o , 1 3 



^^ifc— 3*—^ — « — )-n r ( — ^ — ) r ( — 3] — ) 

r=0 r=0 

Ids 8 l-l v 3/ ' v 3/ ; 

r=0 

k^-^) r(— |— ). 



Case 5 : Z = 3 (mod 3). 

If / = 2 (mod 3), we observe that 



£(-l) y+r cos { \ (Ij + r + i) } = (* + 1) ■ (-l) r cos { | (r + 1) } . 



3=0 

Then we see that 



_ l— 1 oo A: __ 1 

4£££(-i) tt+ '<™>{f(y+'-4)} 

V<J r= o fc=o j=0 



X 



f 1 1 1 1 1 \ 

i{s + lk + l + r) 2 I s + Ik + | + r + I s + Ik + | + r J 



2 



2 

D-l) r «*{f(r + i)} 



v/3^ L 3 V 2' 

^ f jfe + 1 1 jfe + 1 1 jfe + 1 "I 



- K s + lk + l + r) 2 l s + lk + L + r Is + lk + ^ + r- 

fc=0 * * 



17 



It follows from (|3~TTj) and (|3~2TH) that 

A^_ ircos{ £ (r + I )} 

v r=0 



DO 

X 

k=0 



^ I k + 1 I A- + I I /.' + I 



i-3 
3 



s + Z£; + / + r) 2 / s + /A; + | + r / s + /£; + f + 
(i 2 , „ .s + Z + Sr, Id, ,s + | + 3r\ 



r (T ,s + f+dr\ id ,s + ~ + dr\i 

£ te logr2 (— — ) - T* logr (^ — )} 

r=0 



-£{^ r2 ( — ] — ) -j^C— h ) 



r=0 

i-3 
J2 3 



— ^io g J_|r 2 ( — - — )r 2 ( ) 



ds 2 

r=0 



(-3 



r=0 



Since we have 



i-3 
3 



n r(i±^)-r(i±l±^) = ( ')-Jr(£)-'r(i±l), b y m . 



r=0 

we conclude that 



i-3 

-— io g ||r 2 ( — - — )r 2 ( ) 



(is 2 

r=0 



i-3 



-7^-*nr(^)-T(i±i±^) 

r=0 

iog#,(s)- T -io g r(— ^) r ( — I — )• 



(is 2 / (is 3 3 

This completes the proof. 
We see that H[(s) satisfies 

Now we describe the contribution of the elliptic terms as follows. 
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Proposition 3.4.3. If h(r) = 4> s (r) +0 S (— r), we have 

(3.22) ^ r h(r) dr + f°° h(r) ^ + ^ dr 

=^logH Zoo , ell ( S )-^logH ell ( S + i), 

where ^ioo,eO.(s) is defined by 

2ioo,eu(s) := exp {y logGi(s) + ^plogi^(s)}. 
Furthermore, the function S^^^s) satisfies 

(3.23) s ( S ) = %^fe±i) ; He(a)>l-i. 

Proof. This first equation follows immediately from (J3.16|) and (|3.19|) . The second one is 
clear from (ETTSJ) and (l3~2Tf . □ 

3.5 Parabolic Factor 

It remains to calculate the parabolic terms of the trace formula. 
Lemma 3.5.1. If h(r) = 4> s (r) + <p s (—r), we have 

2\ „ d 2 , /^"x- 1 ^ Id, /.2 K \-(^+5) 



- 9 (0) log (*_) = = ^ log (*_) - y - log (.4- 



and 



1/ nws d 2 f ,s , A ,s + i — | N 1 Id, , / 1 N "-"o 

j(k - K c)M0) = ^ log { exp^lpgO-rf— j-l)} - T -log( S + ---) ■ . 

Proof. From (|3.3j) . we see that g(0) = 0, and 

i 00 1 ii 

_ ft(0) ^ (0) . s{ __ } ___ 
-^(=±^,-^,,(.,1-1) 

d 2 , f /S, A + Id./ Z Is 

=5? l0 H exp ( / log ') ' r (— ) " 7* log < s + 2 - 2> • 

Hence, two equations of the lemma hold. □ 
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Lemma 3.5.2. If h(r) = s (r) + <p s {— r), we have 
(3.24) -_jf fc( r ){_(l + i r ) + _(- + ir )}dr 



</2 iog{/*(* + i) ■ /,(*)} - ~ log {r(s + l - + h ■ V(s + 



ds 2 OL tv T ' WJ Z c/s 2 2 v 2 

where l\{s) is defined by 

h(s) := exp { - ^log (*!(*)) - logi} ■ II ^(^j^), 

r=0 

which satisfies Ii(s)/Ii(s — /) = r(s) _1 . 

Proof. Applying the residue theorem to the lower half plane, we see that 

i z* 00 r' i r°° r' r' 

_ 2^ y K r )Y^ 1+ir "> dr ^ ~2n J — (1 +ir) + — (1 -ir)}rfr 

oo 

= $>.(-i(n+l)) 



n=0 

oo oo 



1 111 

" Q I (s + Im + 

_^y,| + 1 1 fc+1 1 fc + 1 

4 s + / fc + / + r + l) 2 ^s + /A; + f + r + | 7s + Zfc + f+r + ± 
From (J3.17j) . we have 

v^>pr fc + i i fc + i i fc + i 

^ ^ Hs + lk + l + r + ±) 2 ~ls + lk + ± + r + l + ls + lk + ^ + r + l 
^ ( d 2 ^/S + Z + r + i H r / s + i + r + ^-i\ 

r=0 

It follows from the multiplication formula ()3.7j) that 

f frf 2 , r / s + / + r + lx ld , w s + f + r + l\-n 

£te logr2 ( — i — ^-j* 1 ^— *i — a ) I 

^n^i — i — -) - TdS iog { ki{i) ■ 1 r(s + 2 + 2 } } 



ds 2 

r=0 



cZ 2 , _ i 1. 1 d , , Z l x -i 

S jiog/,( 3 + i )- T ^io g r( 3 + - + -) . 
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Similarly we calculate as 

Mr)^<2 +ir)<fr = £&(-i(n + -)) 



EE 



n=0 

1 1 1 



.(s + lm + l + n) 2 / s + Zm + | + n ls + lm + ^ + n 

n=0 m=0 v ' 2 2 

CP , T /x 1 , „ / I \ — 1 

This proves the lemma. □ 

As mentioned in Section 2, it is seen that the Dirichlet L-function appears in the 
parabolic factor of the Selberg zeta function. Here we introduce the higher Dirichlet 
L-function as follows. 

Lemma 3.5.3. If h(r) = s (r) + <f) s ( — r), we have 

(3.25) 2 jr X(n) n AW ff(2 logn) = ^ log L 2ii0O (2 S , x ) - ± A log L(2 S + /, x)" 1 . 

n=l 

i/ere L^s, x) is the higher Dirichlet L-function defined by 

oo oo 

L loo (s, X ):=l[L(s + lm, X ) = l[ J] ( 1 - x(p)p— "»). 

m=l m=l p:prime 

Proof. Since 

— log L(s,x) = -^x(n)A(n)n s , 

ra=l 

it follows that 



log w* ri^Es ■<* *<« + *». x-) = -EE = - E ^ 

m=l m=l n=2 

and 

logL /oo s,x = > — j — . 

n 1 — 1 n s 



ds 2 



n=2 

Since we have 

2 logn 1 1 1 



0(2 logn) 



n 2Z _ J n 2s-l I n 2s+l-l ' 

the lemma follows. □ 
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The contribution of the parabolic terms are now described as follows. 
Proposition 3.5.4. If h(r) = <f) s (r) +0 S (— r), we have 

(3.26) - g(0) log (A^) + i(K - Ko)h(0) 

~ £ *(r){£(l + ir) + ^ (i + *r)}rfr + 2 £ £ ^^(21ogn) 
ci 2 Id. , I 



logH ioo>par (s) - -— logH par (s + -). 



tfe 2 ° ,ou ,pi " v ' Ids 6 pi,r 2' 
i/ere S/ 00)Par (s) zs defined by 

- /\ f + /^.2 K \ k — k /s. . , ^,5 + /-^ 
2 l0 o,par(s) :=exp| - A_^i og + __«^_iog/ + logr( p-^) 

x {l,( s + ~) • J,(s) • J] L 2Ji0O (2s, x), 



which satisfies 

(3.27) 5 i0OjPar (s) 



i ioo,par( , S "I - i) 



J par 



> + 



□ 



3.6 Complete Higher Selberg Zeta Function 

We have already calculated all terms of the trace formula except for the spectral terms. 
Using these calculations, we show the functional equation of higher Selberg zeta function 
for congruence subgroups. To describe the functional equation in symmetric way, we 
introduce a periodic function 

oo 

(3.28) e ioo ( S ):=n(l-^ ( ^ r "- s) ), 

n=0 

which satisfies Qioo(s) = Qioo(s + I). This product converges absolutely for all s G C. 
Hence we see that Oz»o(s) is an entire function with zeros at s = 1/2 + Ik + ir n (k e 
Z, n > 0). We note that the function 0;oo(s) is also constructed by employing the idea of 
the zeta regularized product. (Cf. |KiWj .) 

We are now in a position to state the functional equation of the higher Selberg zeta 
function. 

Theorem 3.6.1 (Main theorem). Define the complete higher Selberg zeta function by 

1 — ioo('S) • 1 — /oc.I ('*'') ' ' — ^ioo,hyp( , s) ' i -Woo,ell('S) ' 1 — 'Zoo, par (^) ■ 
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Then H/oo(s) 1 is an entire function of order 3 with zeros at s = 1/2 — lm ± ir n , (m > 
l,n > 0) only, and satisfies 

(3. 29 ) H,„ W = f^i>, 

(3.30) — logS ioo (s) + — log~ ioo (l - Z - s) 

= (y) L{ sm ] - + sm — ] -)■ 

n=Q 

Also put H Zoo (s) := 6/oo(s) • Eiooi^s), then Hj^s) satisfies the functional equation: 

(3.31) E loo (s) ■ E loo (l - I - s) = C loo , 
where Cioo is a non-zero constant. 

Proof. We first note that the relation (j3~2Tijl follows immediately from (JH2J), (J3IIS1) , (pr^jl . 
(I3.27|) . This relation clearly shows that 'Ei 00 (s)~ 1 is an entire function having zeros at 
s = 1/2 - lm ± zr„. Next, by using (JOJ), lETTl) . (l3~2l?J) and (l3~2T)j) . we have 

d 2 Id I °° 

— log H^s) - y— log~(s + -) = {<Ps{r n ) + <p s {-r n )}- 

n=0 

Replacing s by — s in the equation above, we have 

d 2 1 d I °° 

— logS ioo (l -/ - s) + - — logS(l - - - s) = ^{0i_ z _ s (r n ) + 0i_j_ s (-r n )}. 

~" n=0 

Here, from the equality 

00 1 

V - = f-) 2 sin- 2 — 

^ (z + lm) 2 { I > I ' 



we see that 



(3.32) s (r) + <f> s (-r) + 0i_,_ a (r) + X -/- s (-r) 

00 00 

' (s + lm — i — ir) 2 ' (s + lm — ^ + *r") 2 

m=— 00 v & ' m=— 00 v £ ' 

/7r x 2f . 9 7r(s — |-ir) . _ 9 7r(s - i + ir) 
= (-) sin z — ^ -+sm A - 



Z y I I I 

Hence, combining these and the functional equation S(s) = H(l — s), we see that the 
relation (|3.3U|) follows. Lastly, since 

— log6 /oo ( S ) = -( T ) JJsm 2 ^ * '-, 

n=0 
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it follows that 

d 2 

— logH ioo (s) • E loo (l - l-s) = 0. 

Since H ioo (s) • 2^(1 — I — s) is invariant under the reflection s <-> 1 — / — s, we conclude 
that it is a constant. This completes the proof. □ 

By the expression of three factors S Zo0iI (s), H io0iC n(s), S; 00iPai .(s), we can describe in 
principle all zeros and poles of the higher Selberg zeta function S; 00i hyp(s) = Ei^s) ■ 
S;oo,i(s) _1 ■ S^ei^s) -1 ■ S^pa^s) -1 . For example, when L = SL(2,Z) and / = 1, zeros 
and poles of the higher Selberg zeta function Sioo,hyp(s) are explicitly given as follows. 

Zeros of S l0Ojhyp (s). 

(1) s = -l/2-k (Jfe>0) ; order k + 1. 

Poles of E looMp (s). 

(1) s = ; order 1, 

(2) s = -6k - j (k > , j = 2, 3, 4, 5) ; order 6k 2 + 2jk + j - 1, 
s = — 6/c — j (A; > , j = 6, 7) ; order 6k 2 + 2jk + j + 1, 

(3) s = p/2 — m (m > 1, p: non-trivial zeros of C( s )) > 

(4) s = 1/2 — m ± ir n (m > 1 , n > 1 ) . 

4 Higher Dirichlet L-functions 

We note that the higher Dirichlet L-function appears in the gamma factor of the higher 
Selberg zeta function for congruence subgroups. In this section, we discuss the completion 
of the higher Dirichlet L-function itself by imitating the method of the previous section. 
This is a generalization of the higher Riemann zeta function introduced in [CL and 
|KMWj . In order to describe the functional equation, we use the explicit formula in place 
of the trace formula. 

4.1 Weil's Explicit Formula 

We first recall the functional equation of the Dirichlet L-function briefly. Let x be a 
primitive Dirichlet character modulo q > 2 or the trivial character xo modulo 1. We 
note that L(s,xo) — C( s ) is the Riemann zeta function. Define the complete Dirichlet 
L-function £(s, x) by 

£(5 )X ) :={s(s-l)} 5 *Q- s/2 rC-±^)L(s, X ), 

q z 

where x(~ 1) = (~^T (v = or 1), and 5 X is 1 if x — Xo an d otherwise. Then 
the function £(s, x) is an entire function of order 1 and satisfies the functional equation 
£(s,x) — e (x)^(l — where e(%) is a constant modulus 1 depending on x only. The 
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Dirichlet L-function can be expressed both as an Euler product of prime numbers and 
as a Hadamard product of non-trivial zeros. This fact leads the following formula due to 
Weil. 

Lemma 4.1.1 ([We]). Suppose that the function F : W — > C satisfies the following three 
conditions: 

(1) There exists a' > such that the variation for F(x)e^ +a )l x l on M. is bounded. 

(2) F is normalized, that is 

n/ x ,. F(x + h)+F(x-h) 

F(x) = lim — i - i '-, for all x eR. 

v 1 h^+o 2 



(3) There exists e > such that 
F(x) + F(-x) 



2 

For u > 0, put f{u) = F(— logw). Then we have 



F(0)+O(\x\ e ), forx^O. 



T^oo 

\Imp\<T 



lim M(f,P-l)=S x {M(f,-h + M(f,h}-F(0)\og^- 

— *■ — A A q 

+ ±£M (/ , lt)R ^ ( i^ + |) } , 

oo , 

E E ^f{x(p) n F(-logp n ) + x(p)- n F(logp n )}. 



n=l piprime 

Here M(f, s) denotes the Mellin transform of f(u) as 



M(f,s) = / f(u)u 



it 



and p runs through the non-trivial zeros of the Dirichlet L-function L(s, X ) in < Re(s) < 
1. □ 



4.2 Test Function and Gamma Factor 

By making use of the explicit formula, we investigate the higher Dirichlet L-functions for 
1>1: 

oo oo 

L loo (s,x)-= l[L(s + lm, X )= H H (1- X (p)p~ s ~ lm y\ (Re(s)>l-0- 

m=l m=l p:prime 

It is seen that ^^(s, x) satisfies L ioo (s,x) = L(s + l, X ) • L [oo (s + l,x)> which gives 
an analytic continuation to the whole complex plane. We note that the logarithmic 
derivatives of L(s, x) and L^^s, x) are given by 

as n s z — ' p2 

n=l n=l p:prime 
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and 

£ log £*.<«, X)=E £ ^il.^j^ p -^h> 

US . 2 »2 - 2 

n=l piprime J f Jf 

In view of these expressions, we choose the following test function: 

ge (H-i-fr _ 1 (H . W)8 x<Q 

= <( 2 sinh | Z 

a; > 0, 

for Re(s) > 1 — Z. This is essentially same the test function of ()3.3|) and satisfies the 
required condition of the explicit formula. Then the Mellin transform of f(u) is given by 

M(f,it)= F(-log«V*— = / F{-x)e ltx dx = (f) s (-t), 
Jo u 

where 

1 11 11 

<f>s(t) — E { ( s + / m + / _ I + ay ~~ 1 s + l m+ L-l +it + T s + /m + |-i + zt}' 

logp 



m=0 v ' ' 2 1 "V 1 1 2 2 1 '* 1 1 2 2 

Furthermore, we see that 



"EE -^{x(p) n ^(-logp n )+x(p)- n ^(logp n )} 

n=l p:prime ^ 

= -^logW S ,x)- 7 ^logL( S + -, X ). 

Applying this test function, we calculate each terms of the explicit formula as follows. 
Lemma 4.2.1. Retain the notation above. Then we have 

M(f,~) + M(f,^) 

= __ log {rx.r(— ) r(— j— ) }- 7 -i„ g(s + -)( s + 5 -i), 

and 

7T d 2 IT S (s + Q 1 (7 7T 3+ ? 

-F(o) log - = o = log * -TT- - i f log (E)-t-. 

g as z g Z as g 

Proof. We see that F(0) = and 

M(/,~) + M(/,^) = ^(~)+^) 

oo ^ 1 1 °° 1 

= E { (s + /m + 1)2 } " y^r + ^ ; { (s + im + z - 1) 2 / ~ 

m=0 2 m=0 2 

d 2 , ^S + Z, ,8 + 1- Is 1 1 11 



ds 2 ta v Z 7 v Z ' Z s + i Zs + I-l' 
Hence the lemma holds. □ 
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Lemma 4.2.2. We have 
1 f 00 *,,,^^ (T'l + 2v it,} , d 2 , T . v Id, + u + K 

i/ere J/(s) is defined by 

T/ N , m _» ,_£(£±o Vt -p ,s + 2r + Zs ,s + 2r + 2Z^ 

:= fci(z) « • z « ||r 2 ( — - — )r 2 ( — - — ), 

r=0 

which satisfies Ji(s)/Ji(s — Z) = T(s/2)~ 1 . 
Proof. Using the residue theorem, we see that 

^/_>(/,«)<(l^ + f)}* 
-h / + f > + " f )}* = -!>( - 

>/_00 ' n=0 

X - X - J 1 11 11 

n ^^(s + v + lm + l + 2n) 2 ls + v + lm+± + 2n ls + v + lm + § + 2n 

n=0 m=0 v ' 2 2 

Putting n = Iji + ri, m = 2j 2 + r 2 and ji + j 2 = /c, we have 

s + f + Zm + / + 2n) 2 Zs + t> + Zm+^ + 2n Zs + t> + Zm + ^ + 2nJ 



2 

l — l 1 OO OO 

SSSS ^(* + « + 2i O'i+i2) + 2r 1 + Zr 2 + 2 
1 1 1 

+ T" 



Z s + v + 2l(j 1 + j 2 ) + 2ri + Zr 2 + | Z s + u + 2Z(ji + J2) + 2r : + Zr 2 + f 



^ r k + 1 k + 1 

= ~ 2s 2s I (s + v + 2lk + 2r x + I) 2 + (s + u + 2lk + 2ri + 2Z) 2 

ri=0 fc=0 

1 + 1 1 fc + 1 

+ 



4- 5 ' J ' 
1 + T J 



I s + v + 2lk + 2r l + \ I s + v + 2lk + 2r L 

Since we have 
72 



, s + v + 2r + L J_ y.r fc_+J 1 l_l 

ds 2 ° g ^ 2Z ' ~ 4Z 2 ^ + ^ l(s + t; + 2Zfc + 2r + Z) 2 4Z 2 /c+l/' 

±i og T( s + v + 2r + i2 ) = -1- ?! ! IJ_\ 

rfs S V 2Z y 2Z f-' l s + v + 2Zfc + 2r + 4 2Zfc + l/' 



fe=0 1 1 2 
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it follows that 



Ar k + l k + l 

f^ Q \(s + v + 2lk + 2r + l) 2 + (s + v + 2lk + 2r + 2l) 2 

1 k+l 1 k+l 



I s + v + 2lk + 2r + | I s + v + 2lk + 2r + 
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d 2 , _ / -s + v + 2r + Zv„ /S + u + 2r + 2Zv Id. _ ,s + v + 2r + | N 
= ^'° gr2 ( 2i W 21 )-TdJ l0gr ( 21 

From Gauss-Legendre's multiplication formula (|3.7j> . we conclude that 

^ r + 1 + 1 

~ r ~"o ^ ( s + v + 2lk + 2ri + l ) 2 + (s + v + 2lk + 2r x + 2l) 2 
1 k+l 1 k+l 



I s + v + 2lk + 2ri + \ I s + v + 2lk + 2r x + f 
^rrf 2 , „ ,s + v + 2r + l^ ,s + v + 2r + 2l x . 1 d , _,s + v + 2r+ l - 



^ ids 2 

r=0 



cr _ _ ,s + v + -Ar + i,^ ,s + v + -zr + -M, let, ,s + ?; + /r + ~ 
d^ bg F2 ( 27 ) F2 ( 27 ) + ldS l ° g r ( 2Z ) ) 

= --i og ^ + ,)- T -io g r(^-^). 

This complete the proof. □ 

4.3 Complete Higher Dirichlet L-Function 

To describe the functional equation of L [oo (s,x), we introduce the function 

oo 

e loo (s,x) :=n(i-^- ) ). 

n=l 

Here p n = 1/2 + it n (Re(t n ) > 0) is the non-trivial zero of the Dirichlet L-function L(s, x) 
on the upper half plane. It is seen that ^oo( s >x) is an entire function of order 2 with 
zeros at s = 1/2 + it n + Ik, (n > 1, k e Z), and satisfies ^oo( s ;X) — ^oo( s + l,x)- 
Now, combining above lemmas and applying the method of Theorem 3.6.1, we obtain the 
functional equation of the higher Dirichlet L-function as follows. 

Theorem 4.3.1. Define the complete higher Dirichlet L-function by 

2s, \ ,s + L-i,s + I - K-n 5 * 



6co( a> x) :={ ex P ( - y log/) • r(^)- 1 r(^±i-^)- 1 } 



xex P{^— lo S (-)-— MM*)) ^ log/} 

^j- r s + v + 2r + L ,s + v + 2r + 2L 
x ll r H 21 ^ 2 ' 2Z ) x 

r=0 
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Then £ioo(s,x) ^ s an entire function of order 2 with zeros at s — p — Im (m > I), and 
satisfies £ loo (s,x) = €(s + l,x)-£ioo(s + l,x)- In addition, | Joo (s,x) := O too (s, x) -1 -6oo(s, x) 
satisfies the functional equation: 

€ioo(s,x) • iiooO- - I - s, x) = exp {ai 00 (x)s + kooix)} , 
where aiooix) an dhooix) are constants. □ 
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